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In this paper, we consider Maxwell’s equations in linear dispersive media described by a
single-pole Lorentz model for electronic polarization. We study two classes of commonly
used spatial discretizations: finite difference methods (FD) with arbitrary even order
accuracy in space and high spatial order discontinuous Galerkin (DG) finite element
methods. Both types of spatial discretizations are coupled with second order semi-implicit
leap-frog and implicit trapezoidal temporal schemes. By performing detailed dispersion
analysis for the semi-discrete and fully discrete schemes, we obtain rigorous quantification
of the dispersion error for Lorentz dispersive dielectrics. In particular, comparisons of
dispersion error can be made taking into account the model parameters, and mesh sizes
in the design of the two types of schemes. This work is a continuation of our previous
research on energy-stable numerical schemes for nonlinear dispersive optical media [6,7].
The results for the numerical dispersion analysis of the reduced linear model, considered
in the present paper, can guide us in the optimal choice of discretization parameters
for the more complicated and nonlinear models. The numerical dispersion analysis of
the fully discrete FD and DG schemes, for the dispersive Maxwell model considered
in this paper, clearly indicate the dependence of the numerical dispersion errors on
spatial and temporal discretizations, their order of accuracy, mesh discretization parameters
and model parameters. The results obtained here cannot be arrived at by considering
discretizations of Maxwell’s equations in free space. In particular, our results contrast the
advantages and disadvantages of using high order FD or DG schemes and leap-frog or
trapezoidal time integrators over different frequency ranges using a variety of measures
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of numerical dispersion errors. Finally, we highlight the limitations of the second order
accurate temporal discretizations considered.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

The electromagnetic (EM) field inside a material is governed by the macroscopic Maxwell’s equations along with con-
stitutive laws that account for the response of the material to the electromagnetic field. In this work, we consider a linear
dispersive material in which the delayed response to the EM field is modeled as a damped vibrating system for the polariza-
tion accounting for the average dipole moment per unit volume over the atomic structure of the material. The corresponding
mathematical equations are called the Lorentz model for electronic polarization. Such dielectric materials have actual phys-
ical dispersion. The complex-valued electric permittivity of such a dispersive material is frequency dependent and includes
physical dissipation, or attenuation. It is well known that numerical discretizations of (systems of) partial differential equa-
tions (PDEs) will have numerical errors. These errors include dissipation, the dampening of some frequency modes, and
dispersion, the frequency dependence of the phase velocity of numerical wave modes [45]. To preserve the correct physics,
it is important that the dispersion and dissipation effects are accurately captured by numerical schemes, particularly for
long time simulations. Thus, an understanding of how numerical discretizations affect the dispersion relations of PDEs is
important in constructing good numerical schemes that correctly predict wave propagation over long distances. When the
PDEs have physical dispersion modeling a retarded response of the material to the imposed electromagnetic field, the cor-
responding numerical discretizations will support numerical dispersion errors that have a complicated dependence on mesh
step sizes, spatial and temporal accuracy and model parameters.

In this paper, we perform dispersion analysis of high spatial order discontinuous Galerkin (DG) and a class of high order
finite difference (FD) schemes, both coupled with second order implicit trapezoidal or semi-implicit leap-frog temporal dis-
cretizations for Maxwell’s equations in linear Lorentz media. The fully discrete time domain (TD) methods are the leap-frog
DGTD or FDTD methods and the trapezoidal DGTD or FDTD methods. This paper is a continuation of our recent efforts on
energy stable numerical schemes for nonlinear dispersive optical media. In [6,7], we developed fully discrete energy stable
DGTD and FDTD methods, respectively, for Maxwell’s equations with linear Lorentz and nonlinear Kerr and Raman responses
via the auxiliary differential equation (ADE) approach. These schemes include second order modified leap-frog or trapezoidal
temporal schemes combined with high order DG or FD methods for the spatial discretization. In the ADE approach, ordinary
differential equations (ODEs) for the evolution of the electric polarization are appended to Maxwell’s equations. The two
spatial discretizations that were used, the DG method and the FD method are very popular methods for electromagnetic
simulations in the literature. The DG methods, which are a class of finite element methods using discontinuous polynomial
spaces, have grown to be broadly adopted for EM simulations in the past two decades. They have been developed and
analyzed for time dependent linear models, including Maxwell’s equations in free space (e.g., [11,12,20]), and in dispersive
media (e.g., [16,24,31,33]). The Yee scheme [47] is a leap-frog FDTD method that was initially developed for Maxwell’s
equations in linear dielectrics, and is one of the gold standards for numerical simulation of EM wave propagation in the
time domain. The Yee scheme has been extended to linear dispersive media [25,30,29] (see the books [43,44] and references
therein), and then to nonlinear dispersive media [50,18,25,21,42]. Additional references for Yee and other FDTD methods for
EM wave propagation in linear and nonlinear Lorentz dispersion can be found in [27,26,9,19,39] for the 1D case, and in
[15,28,50] for 2D and 3D cases.

In our recent work [6,7], we proved energy stability of fully discrete new FDTD and DGTD schemes for Maxwell’s equa-
tions with Lorentz, Kerr and Raman effects. Both types of schemes employ second order time integrators, while utilizing
high order discretizations in space. The schemes are benchmarked on several one-dimensional test examples and their
performance in stability and accuracy are validated. The objective of the present work is to conduct numerical dispersion
analysis of the aforementioned DGTD and FDTD schemes for Maxwell’s equations in linear Lorentz media, and this can guide
us in the optimal choice of numerical discretization parameters for more general dispersive and nonlinear models.

There has been abundant study on the dispersion analysis of DG methods. Most work was carried out for semi-discrete
schemes, e.g., for scalar linear conservation laws [1,23,22,41,3], and for the second-order wave equation [4]. Dispersive
behavior of fully discrete DGTD schemes is studied for the one-way wave equation [46,2] and two-way wave equations [10].
Particularly, in [40] the accuracy order of the dispersion and dissipation errors of nodal DG methods with Runge-Kutta time
discretization for Maxwell’s equations in free space are analyzed numerically. The stability and dispersion properties of a
variety of FDTD schemes applied to Maxwell’s equations in free space are also well known (see [43]). Additionally, various
time domain finite element methods have been devised for the numerical approximation of Maxwell's equations in free
space (see [34,32] and the references therein). There has been relatively less work on phase error analysis for dispersive
dielectrics; see [43,37,38,8] for finite difference methods and [5] for finite element methods.

To the best of our knowledge, the present work is the first in the literature to conduct dispersion analysis of fully
discrete DGTD methods for Maxwell’s equations in Lorentz dispersive media and providing comparisons of the numerical
dispersion errors with those of fully discrete FDTD methods. By rigorous quantification of the numerical dispersion error
for such dispersive Maxwell systems, we make comparisons of the DGTD and FDTD methods taking into account the model
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parameters, spatial and temporal accuracy and mesh sizes in the design of the schemes. Given the popularity of both
DGTD and FDTD methods in science and engineering, such a comparison of errors between the two schemes will provide
practitioners of these methods with guidelines on their proper implementation.

Our dispersion analysis indicates that there is a complicated dependence of dispersion errors on the model parameters,
orders of spatial and temporal discretizations, CFL conditions as well as mesh discretization parameters. We compute and
plot a variety of different measures of numerical dispersion errors as functions of the quantity a% where wq is the res-
onance frequency of the Lorentz material, and w is an angular frequency. These measures include normalized phase and
group velocities, attenuation constants and an energy velocity [17]. The parameter range of the quantity ;2 separates the
response of the material into distinct bands. We find that some counterintuitive results can occur for high-loss materials
where a low order scheme can have smaller numerical dispersion error than a higher order scheme. Since this situation
does not occur in non-dispersive dielectrics, our results demonstrates the need to analyze and study the numerical disper-
sion relation for the Lorentz media beyond those for the case of free space that commonly appear in the literature. We have
made quantitative comparisons of the high order FD and DG schemes based on the metrics discussed above. We also iden-
tify the differences in numerical dispersion due to the temporal integrator used. In particular, our results clearly identify the
limitation of the second order temporal accuracy of our time discretizations, by identifying distinct bands in the frequency
parameter ranges where the high order spatial accuracy of either the DG or FD schemes is unable to alleviate the error in
numerical dispersion due to time discretization.

The rest of the paper is organized as follows. In Section 2 we introduce Maxwell’s equations in a one spatial dimensional
Lorentz dispersive material. In Sections 3 and 4, we present and analyze the dispersion relations and the relative phase
errors for the PDE model, and two semi-discrete in time finite difference numerical schemes, respectively. In Sections 5 and
6 numerical dispersion errors in semi-discrete in space staggered FD methods, and fully space-time discrete FDTD methods,
respectively, are considered, while numerical dispersion errors in semi-discrete in space DG methods and fully discrete
DGTD methods are studied in Sections 7, and 8, respectively. In Section 9, we define four quantities that provide different
measures of numerical dispersion error and compare these for the FDTD and DGTD methods. Interpretations and conclusions
of our results are made in Section 10.

2. Maxwell’s equations in a linear Lorentz dielectric
We begin by introducing Maxwell’s equations in a non-magnetic, non-conductive medium  c R?, d =1, 2, 3, from time

0 to T, containing no free charges, that govern the dynamic evolution of the electric field E and the magnetic field H in the
form

#B+V xE=0, in (0, T] x £, (2.1a)
#D—V xH=0, in(0,T] x , (2.1b)
V.B=0,V-D=0, in(0,T] x , (2.1¢)

along with initial data that satisfies the Gauss laws (2.1¢), and appropriate boundary data. System (2.1) has to be completed
by constitutive laws on [0, T] x 2. The electric flux density D, and the magnetic induction B, are related to the electric field
and magnetic field, respectively, via the constitutive laws

D =¢€p(ecE+P), B=puoH. (2.2)

The parameter €q is the electric permittivity of free space, while 1o is the magnetic permeability of free space. The term
€0€E captures the linear instantaneous response of the medium to the EM fields, with €5, defined as the relative electric
permittivity in the limit of infinite frequencies. The macroscopic (electric) retarded polarization P is modeled as a single pole
resonance Lorentz dispersion mechanism, in which the time dependent evolution of the polarization follows the second
order ODE [17,43]

3°P P

In the ODE (2.3), w1 and wp are the resonance and plasma frequencies of the medium, respectively, and y is a damping
constant. The plasma frequency is related to the resonance frequency via the relation wlz, = (€5 — eoo)a)% = edw%. Here ¢;
is defined as the relative permittivity at zero frequency, and €; measures the strength of the electric field coupling to the
linear Lorentz dispersion model. We note that the limit €; — 0, or €; — €4, corresponds to a linear dispersionless dielectric.

In this paper, we focus on a one dimensional Maxwell model on = R that is obtained from (2.1), (2.2) and (2.3) by
assuming an isotropic and homogeneous material in which electromagnetic plane waves are linearly polarized and propagate
in the x direction. Thus, the electric field is represented by one scalar component E := E,, while the magnetic field is

represented by the one component H := H),. All the other variables are similarly represented by single scalar components.

P= a)f,E. (2.3)
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We convert the second order ODE (2.3) for the linear retarded polarization P to first order form by introducing the linear
polarization current density J,

oP a]J 2 2
—=J, —=-2y]—-wiP+w,E. 2.4
=1 =l -eiPto) (24)
We consider a rescaled formulation of the resulting one spatial dimensional Maxwell-Lorentz system with the following
scaling: let the reference time scale be tp, and reference space scale be xo with xg = ctp and ¢ = 1/,/o€p. Henceforth, the

rescaled fields and constants are defined based on a reference electric field Eg as follows,
(H/Eo)y/to/€0 — H, D/(€oEo) - D, P/Eo— P, (J/Eo)to— J, E/Eo—E,
wito > w1, wpto —> wp, Yto— Y,

where for simplicity, we have used the same notation to denote the scaled and original variables. In summary, we arrive at
the following dimensionless Maxwell’s equations with linear Lorentz dispersion in one dimension:

oH OE

— =, (2.5a)
at ax

oD 0H

22 (2.5b)
at ax

oP

—=1 (2.5¢)
ot

aJ 2 2

E:—Zy}—a)]P—i-a)pE, (2.5d)
D =eE+ P. (2.5e)

3. Dispersion relations

The Maxwell-Lorentz system (2.5) is a linear dispersive system, i.e. it admits plane wave solutions of the form e!(k*—«0
for all its unknown field variables, with the property that the speed of propagation of these waves is not independent of
the wave number k or the angular frequency w [45]. In this section, we derive the dispersion relation of (2.5) and highlight

its main properties. We assume the space-time harmonic variation

X(x, t) = Xpe! k=0 (3.1)

of all field components X € {H, E, P, J}. Substituting (3.1) in (2.5) yields the system

wHo +kEy=0, (3.2a)

kHo + €scwEq + wPg =0, (3.2b)
iwPo+ Jo=0, (3.2c)

w)Eg — 3P + (io — 2y) Jo =0. (3.2d)

Define the vector U = [Hy, Eq, Py, ]O]T containing all amplitudes of the field solution, then (3.2) can be rewritten as a
linear system, given by

w k 0 0
. k e o 0
AU=0, with A= 0 0 iw 1 (3.3)
0 ) —of iw-2y
By solving det(.4) = 0, we obtain the exact dispersion relation for (2.5) as
; = ~ €d/€
k=+k™  with k™ =w/e@;p), and €@;p) = €xo (1 — ,\24:’2) . (3.4)
o +2iyw—1

Here, €(@; p) is the permittivity of the medium dependent on the “relative” frequency @ = w/w; and the parameter set
P = [€s, €0, ¥, With ¥ = ¥ /w1. The permittivity is clearly frequency dependent and displays the dispersive nature of the
system. A major goal in the design and construction of numerical methods for linear dispersive PDEs is to devise methods
that accurately capture the medium’s complex permittivity [43]. We will assume that €5 > 0, €5 >0 and €5 = €, — €5, > 0.
These assumptions are based on physical considerations [43]. In the dispersion analysis, we assume w is a real number,



104 Y. Jiang et al. / Journal of Computational Physics 394 (2019) 100-135

Table 3.1
Notations used and the place of their first appearance. The symbol x in the superscript can be LF (for the leap-frog temporal
scheme) or TP (for the trapezoidal temporal scheme).

) 1% w W1 K €(@;p) 5(@; p) (@)
€4 €4 o (aA) + l?) kX (@) — k* (@)
Def w/w w wAt w1 At k*h €00 — —
for - yfen ! T D291 @ 270 1) )
Eqn  (34)  (34)  (45) (45  (510) (34) (4.9) (4.10), (4.15)
Wep 2m (@) Yip.am @) UG, p (@) Wi (@)
Def k(@) — kep,2m (@) k@) — kip o @) k(@) — kpg.p (@) k@) — kg , (@)
keX (@) keX (@) kexX (@) kex (@)
Eqn (5.22) Fig. 6.3 Fig. 7.1 Fig. 8.1

and restrict @ > 0 in this work. Note that €(@; p) and k can be complex, depending on the values that certain parameters
assume.

For lossless materials (i.e. ¥ = 0), the medium absorption band is defined by @ € [1, \/€s/€co], in Which €(@; p) <0 and
k® is an imaginary number or zero. Outside the medium absorption band, i.e. for other @ values, we have €(@; p) > 0 and
k%X is a real number. Moreover, it is easy to check |k®| — oo as @ approaches 1 (the resonance frequency, which is also the
lower bound of the medium absorption band) and k®* = 0 at the upper bound @ = /€s/€~. In this paper, we are mainly
interested in low-loss materials, i.e. ¥ > 0 with ¥ <« 1. In this case, the dispersion relation retains similar properties, which
means |k®| is a large number around @ =1 and a small number near @ = +/€s/€. This behavior of the exact dispersion
relation has implications for the numerical dispersion errors, as illustrated in later sections.

Remark 3.1. In the literature, dispersion relations can be presented in two ways; 1) representing the continuous or discrete
angular frequency w € C as a function of the exact and continuous wave number k € R (and also of the model parameters
and possible mesh parameters); 2) representing the continuous or discrete wave number k € C as a function of the exact
and continuous angular frequency w € R [43]. In the first approach, we will obtain a fourth order polynomial for w as a
function of k and other parameters. We provide some insight into approach 1 in Appendix A, for the semi-discrete in space
FDTD discretizations in which the effect of high order FDTD spatial approximations on the dispersion relation is clearly
evident in terms of the symbol of the spatial discretization operators. In this paper, we mainly use the second approach since
in this approach we are able to explicitly identify the effects of discretization on the permittivity of the Maxwell-Lorentz
model (2.5).

Before we proceed, for convenience of the readers, we gather some notations frequently used in the paper, together with
the place of their first appearances in Table 3.1.

4. Second order accurate temporal discretizations

This section concerns the dispersion analysis of the semi-discrete in time schemes. Continuing from our previous work [6,
7], we consider two types of commonly used second-order time schemes for the linear system (2.5), both implicit in the ODE
parts. Let At > 0 be a temporal mesh step. Suppose u"(x) is the solution at time t" =nAt,ne N, withu=H, E, D, P, J.
Then, we compute u"1(x) at time t"*!1 =" + At by the following methods. The first scheme uses a staggered leap-frog
discretization in time for the PDE part, with the magnetic field H staggered in time from the rest of the field components.
The scheme is given by:

Hn+l/2 _ H" _ 9EM

== (41a)
At/2 ax
Dn+l —_pn aHﬂ-H/z
= , (4.1b)
At ox
prtl_pn 1
= _ 5(]n+]n+1)’ (4.1¢)
n+1 _ yn a)z C()2
J = J -y (]n+]n+1) _ 71 (P”+P”+])+ 71’ (E”—i—E"‘H), (41d)
D" = e EMH! 4 prl, (4.1e)
Hl’l+1 _ Hn+1/2 aEn+l
_ (4.11)

At/2 YY"
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The second scheme, which is a fully implicit scheme based on the trapezoidal rule, is given as follows:

Hn+1 — H" B 1 3En+l N OE" (4 2&)
At 2\ ax ax ’
Dn+l _pn 1 8Hn+1 9H"
_ . + = (4.2b)
At 2 Y 0x
prtl—pr 1
v _ 1 (]n + ]n+1) , (4.2¢)
n41 n w? w?
] o —J —y (]n+]n+1) _ 71 (P" + P”‘H) + 7P (E”—i—E"H), (4.2d)
D'l = e E™1 4 prtl, (4.2e)

Similar to the continuous case, we can perform dispersion analysis on the semi-discrete schemes (4.1) and (4.2) by
assuming the time discrete plane wave solution as

X" (x) = Xoe' kX, (43)

where x can be LF (with respect to the leap-frog scheme (4.1)) or TP (with respect to the trapezoidal scheme (4.2)). Define
=[Ho, Eo, Po, Jol" as the vector containing all amplitudes of the field solutions. Substituting (4.3) in the schemes (4.1) or
(4.2), we obtain linear systems for each case in the form

A*U=0. (4.4)

The semi-discrete numerical dispersion relation can be then obtained from det(A*) =0.
For the leap-frog scheme (4.1), we have

sin(%) %kLF 0 0
SKF exsin(%) sin (%) 0
rF_| 2 00 2 2
AT = 0 0 isin (%) S cos (%) ’ (4.5)
0 Aztwlz) cos (%) —Stwlcos(%) isin(Y)—yAtcos(Y)

where W := wAt = ®W1, with W := w1 At. This yields the dispersion relation

€LF /LF
LF _ AIF. JIF ; ~LF, IF\ _ LF [ €d /€0
K =+ e @F; piF), with e@'F;pF)=€lf (l (Z?)LF) T 1), (4.6)

+21yL

LW w

sin(5-) an(=-) R R R
where s, ;= —2= and r, := —*— as in [37], and @' = @r,, p'F = [€lF, €lf, P'F], with components given by the

2 2
identities
LE 2 _LF 2 SIF_ 5
€5 =6€5Sy, €50 =€c0Sy, VYV =V. (4.7)

In this form, we can clearly identify how the leap-frog time discretization misrepresents the permittivity by misrepresenting
the parameters of the model. These misrepresentations are solely due to the discretizations of the ODEs by the leap-frog
time integrator. The misrepresentations depend on the value of the (exact) angular frequency that is chosen, and in partic-
ular as % approaches zero, the discrete parameters approach the continuous ones. Thus, a guideline for practitioners using
this time integrator to control these misrepresentations, is to choose At so that cos( > ) ~ 1 across the range of frequencies
present in the short pulse that propagates in the medium [37].

To further analyze the dispersion error, we consider the regime when W « 1, and obtain the Taylor expansion of (4.6)
with respect to W as

LF _ ex l 8(2\‘);13)_1 2 4
kY = +k <l+12 <€@;p) 2>W +0oW )>, (4.8)

where

- €ED@+iY)
s@:p) = —42 LT (4.9)
(@*+2iy@—1)
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We define the relative phase error for the LF scheme to be the ratio

KF@) — k@) | [y €@ :pF) — Ve@:p)
k@) | Ve@;p) '

W @) = (4.10)

Here, we consider k' in (4.6) with plus sign in front. A similar definition will be used for all semi-discrete and fully discrete
schemes that appear in this paper, and provides quantitative measurement of the numerical dispersion error. Equation (4.8)
verifies a second order dispersion error in time of the leap-frog scheme in the small time step limit.

Similarly, for the trapezoidal method (4.2), we can obtain

sin (%) Sk cos (%) 0 0
A Sk cos (%) exsin(¥) sin (%) 0 (411)
B 0 0 isin (%) 5t cos (%) '
0 Stwdcos (%) —Stwlcos (%) isin(%)—yAtcos(%)

This leads to the dispersion relation

TP , TP

~ N . o~ € €

K'P =t /e@™; p™) = 2k, with e@™;p™) =€l (1~ _d /€ , (4.12)
Tw (A:]TP) +2i ?TP o _1q

where @™ = &r,, p™” =[€[", €I’ PP, with components given as
P 2 TP 2 STP _ =
€ =6€sTy, €00 =€xaly, ¥V =V, (4.13)

Again, we can clearly identify how the trapezoidal time discretization misrepresents the permittivity. In particular, this
method misrepresents the dissipation and medium resonance in the same manner as the leap-frog method. However, the
relative permittivities €5, and € are misrepresented in a different manner. Thus, the speeds of propagation of discrete plane
waves are different in these two discretizations. In particular, the slow and fast speeds in the medium, corresponding to
relative permittivities €5 and €, respectively, are different.

In the small time step limit, for W « 1, we have

1 (§(w;

K™ =k (14— (A P) +1)w2+ow?), (4.14)
12 \ e(w; p)

which indicates second order accuracy in time for the relative phase error for the trapezoidal scheme defined, in a similar

manner to the leap-frog scheme, as

K@) — k*@)| | €@":p™) — Ve@:p)
kX (@) B JE@; p) '

WP(@) = (4.15)

Finally, we make qualitative comparisons of the leap-frog and trapezoidal temporal discretizations. For low-loss materials,
the conclusions can be implied from considering the case of = 0. For this case, for a given set of parameters p, €(@; p)

and §(@;p) > 0 are real numbers. When @ — ./€5/€~, we have €(@;p) — 0. This means iig 2 — 00, and thus the
leading error term of both temporal schemes would be approaching co. On the other hand, when @ — 1, it is easy to check
that iig f); — oo as well. Hence, both time schemes will give large dispersion error at @ = 1 and @ = \/€;5/€,, Which
are the two endpoints of the medium absorption band. In additig\n, when W « 1, if @ € (1, V/€5/€x), ie. ﬁ)r values in
the interior of the medium absorption band, we can prove that iEg P) < —1, which leads to the relation iig ll:; — %' >

8(@; p)

€(@; p) R R

of t}\le medium absoArption band. For other values of @ outside the medium absorption band we obtain €(w; p) > 0 and
5@;p) 1‘ s@p

€@:p) 2| |[e@:p) N

band. For low-loss Lorentz medium, i.e., when ¥ « 1, we believe that these conclusions are still valid with a slight change

in two peak positions (see Fig. 4.1).

Now we choose the following set of parameters, which are the same as in [17], representing a low-loss Lorentz medium:

+ 1|. This means the leap-frog scheme has a larger relative phase error than the trapezoidal scheme in the interior

<

. Hence, the leap-frog scheme would give a small relative phase error outside the absorption

€ =525, €,=225 ¥y=0.01. (4.16)
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W, = /15 W, = 7/30 W, = /60
06 i = /15 0.16 Wi = /3 0.04 i = /o 10° :
p—y — — SIFo-1
—Tp —TP —TP SCLF, B = Ve /e
045} ] 0.12} ] 0.03}
x % % =
= 03r E = 0.081 E = 0.02f 49( 10"} slope=2—
0.15 0.04 0.01
0 . 0 . 0 . 102 .
0 1 2 3 0 1 2 3 0 1 2 3 102 107 10°
@ w @ w

Fig. 4.1. The relative phase error of leap-frog (LF) and trapezoidal (TP) time discretizations. In the first three plots we fix Wy € {w /15,7 /30, 7 /60},
respectively, while we vary @ € [0, 3]. In the fourth plot, we fix @ =1 or ® = \/€;s/€~ and consider three different values of W corresponding to Wy €
{m /15, /30, r /60}, with leap-frog time discretization.

Taking W1 as {m /15, /30, 7 /60}, the relative phase errors are plotted against @ € [0, 3] in Fig. 4.1. We can observe that
the phase errors always have two peaks around @ =1 and @ = /€s/€x ~ 1.527. The relative phase errors in the two
temporal schemes are basically the same for small @. As @ is increased towards 1, we see that the error in the leap-frog
scheme is slightly smaller than that in the trapezoidal scheme. When @ is between 1 and 1.527, the leap-frog scheme
presents larger error than the trapezoidal method. Beyond 1.527, the trapezoidal scheme generates larger error than the
leap-frog scheme. There is no obvious difference between the dispersion errors of two time discretizations at the peaks.
Therefore, in the last graph of Fig. 4.1, we only plot the errors of the leap-frog time schemes at the peaks. We verify the
second order accuracy of the method when the mesh size is varied. These observations are consistent with our analysis.

5. Spatial discretization: high order staggered finite difference methods

In this section, we consider semi-discrete in space staggered finite difference schemes for (2.5). The spatial discretizations
that we consider here for system (2.5) combined with a nonlinear instantaneous Kerr response and a Raman retarded
nonlinear response have been recently developed in [7]. The electric and magnetic fields are staggered in space and the
discrete spatial operators have arbitrary even order, 2M, M € N, accuracy in space. Below, we describe the semi-discrete
spatial schemes, denoted as the FD2M scheme, and then we obtain and discuss dispersion relations of these schemes.

As in [7], we define two staggered grids on R with spatial step size h, the primal grid Gp, and the dual grid G4, defined
respectively, as

1
Cp={jhljeZ}, and Ga={(+)hljeZ}. (5.1)

The discrete magnetic field will be approximated at spatial nodes on the dual grid. These approximations are denoted
by Hji1/2, termed as degrees of freedom (DoF) of H. All the other discrete fields will have their DoF at spatial nodes on the
primal grid. For a continuous field variable V, V;, denotes its corresponding grid function, defined as the set of all DoF on
its respective grid. The semi-discrete scheme is given as follows:

aH;
Rk VA (D,(IZM) Eh) , (5.2a)
ot j+3
dDj =@M
Zi_(p H) , 5.2b
at ( h h j ( )
aP;
?ij, (5:2¢)
i _ o 2p L 2p
e 2y Jj—wiPj+wyEj, (5.2d)
Dj=¢€xEj+Pj, (5.2e)

where D,(IZM) and 5,521‘/1) are the 2M-th order finite difference approximations (with M € N) of the spatial differential
operator dy, on the primal and dual grids, respectively. These approximations are defined as
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1 )‘%M1
(2M) p—

D E = - —(Eixp —E;_ s 53
(7} h)j+l/2 h;@p—l)( i+ = Eimp1) (532)

M) 1o Ay

D =_-3y ' <= (y. —H,

(Dh Hh)j_h;(Zp—l) <H1+P—% Hf—p+%)’ (5.3b)
and A%Q/L], is given as [7]

2M 2(=1P7 1M - DU (5.4)

=17 QM +2p —2)UCM = 2p)12p — 1)’ ’
with the double factorial n!! defined as

n-m—-2)-n—4)...5-3-1, n>0, odd
nM=4{n-n-2)-n—-4)...6-4-2, n>0, even (5.5)

1, n=-1,0.
5.1. Semi-discrete in space dispersion analysis

In this section we analyze the spatial semi-discrete system (5.2), i.e., the FD2M scheme. We assume that the semi-discrete
system (5.2) has plane wave solutions of the form

X;(t) = Xge!(kmamih—er), (5.6)

where kpp2m represents the numerical wave number of the semi-discrete FD2M scheme. By substituting (5.6) in (5.2) we
obtain the linear system

Arp,2mUrp =0, (5.7)

where the vector Ugp = [Hy, Eq, Py, ]O]T, and the matrix App 2p is given by

o Ay O 0 M 52M
N | Aoam € @ 0 with Aoy = % Z )%7_1 sin — 1 k h (5.8)
FD.2M = 0 0 o 1 oM = P 2p—1) p 2 FD,2MN | . .
. p=1
0 a)l% -} iw—2y

The numerical dispersion relation of the FD2M method is obtained by solving the characteristic equation of matrix Agp 2m
and is given as

Aoy = £ /e@r p) = j:a)\/eoo (1 - #) — kX, (5.9)

O +2iyw—1

Using results from [7], we can rewrite this numerical dispersion relation as

M 2
1 [2p—3)"M° . 5,1 (kep2mh 1
—hAy=) —— " sin?P [ 4= ) =+£-K 510
5 2M ,;1 2p—1)! sin 5 T ( )

with K := k®h. In general, for any M > 1, we will have (4M — 2) discrete wave numbers kpp 2p that satisfy (5.10). In
particular, when M =1, i.e. for the FD2 scheme, the numerical dispersion relation (5.10) is

kep 2h 1
n( 2220 ) — 4+ k. (5.11)
2 2
Thus, considering K « 1, and performing a Taylor expansion of (5.11) we obtain
1 3
kepo = £k ( 14+ — K24+ ——K* + O(K®) |, 5.12
FD,2 (+24 tek (K®) (5.12)

which indicates that the numerical dispersion error of the FD2 scheme is second order accurate in space.
For the case M =2, i.e. for the FD4 scheme, the numerical dispersion relation (5.10) becomes

1 ! h | h 1
Zsind (R4 g (KA G g (5.13)
6 2 2 2
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The Taylor expansions of all roots in equation (5.13) are given by

3 4 1 6 8
kFDphy5,4 = :l:kex< + %I< — ﬁ1< + O(I< ) (5143)
arcsinh(24/42) 1
Kepy spurt 4 = £k - —\/ 42K + O(K?) 5.14b
frpspert 4 = =K ( K 27 568 +O( (5.14b)
arcsinh(2+/42) 1
ke spuz 4 = £k —7————\/ 2K + O(K?> 5.14
P24 = K ( K 2/7 1568 + O (5.14¢)

where kg, phys 4 and Ky spurt 4, Ky spui2 4 are wave numbers corresponding to the physical modes and spurious modes, respec-
tively, of the FD4 scheme. The physical modes indicate a fourth order accurate numerical dispersion error, while the leading
terms in the spurious modes of k are proportional to O(1/h), indicating an exponential increase or damping corresponding
to the opposite sign in front.

The existence of spurious, parasitic or non-physical modes for a variety of problems and their discretizations has been
extensively discussed in the literature, see for example e.g., [4,13,14,35,49]. In [35], the author analyzes spurious modes in
finite element discretizations of the wave equation and shows that the spurious modes have a contribution to the numerical
error that behaves in a reasonable manner, so that higher-order elements can be more accurate than lower-order elements.
In [49], the author considers spurious modes in high order finite difference methods that can occur due to spectral or
non-spectral pollution. Here the author shows the dependence of the spurious modes on boundary approximations and
closures. In [13], the author analyzes dispersion error, in particular, errors in the discrete group velocities in terms of a
numerical angular frequency, for a variety of high order finite difference schemes for the second order wave equation. Here
the author identifies spurious modes (parasitic waves) in high order fully discrete approximations of the wave equation. For
a symmetric fully fourth order method the author notes that the parasitic wave has a velocity that tends to infinity as the
time step goes to zero, and remarks that such waves have an amplitude decreasing with the time step. We would like to
note, that to the best of the authors’ knowledge, the existence of spurious modes for high order FD discretizations for the
Maxwell Lorentz model has not been analytically identified in the literature. Equations (5.14b) and (5.14c) provide explicit
formulas for the spurious modes for discretizations of the Maxwell-Lorentz system that we have not found in the literature.

Below, we focus on the physical modes, and prove that for the FD scheme of order 2M (FD2M), the dispersion error is of
2M-th order. Thus, the dispersion error is of the same order as the local truncation error for the finite difference schemes.

Theorem 5.1. The physical modes of the dispersion relation (5.10), for the spatial semi-discrete finite difference method FD2M, result
in the dispersion error identity

Kepohys opy = £k™ (14 Gam) (5.15)
forany M > 1, where
(@M — DI oy
- K
22M2M +1)!
In other words, the dispersion error of the FD2M scheme (5.2) is of order 2M.

Sam = + O(K2M+2), (5.16)

k
Proof. Here, we only consider kg phys 5, With plus sign in front. Define ¢opm :=

_ keX

phys o
.2 . Then, substituting from

kex
(5.9) for k®*, rearranging, and (using results from [7]) we obtain the identity

2 A, 1
keX§2M = kFDphys,ZM — Z (2pp 1) sin |:<p — E) kFDphys,ZMh] s

i.e., kppphys o) Satisfies (5.15) for gaym as defined in (5.16). Next, we prove the identity (5.16). Because we only consider the
physical modes here, it is reasonable to assume that kg phys 55, = k™ (1 + O(KT)) for some 7 > 0. Hence, when kg phys o)1 =
K (1 + O T)) is small enough, performing a Taylor expansion with respect to Kgp phys 5,1 We get

M 2M 00 2041
2 Aop-1 D"
kK M = kFDphys oM h (2p N ZO 20+ 1)! |:E (219 - 1)kFDphyS,2Mh]

oo M KﬁpM1 (_1)[ 1 20+1
= Kepy ohys o1 — ZZ Tr—1) 2+ DI [5 @2p - 1)/<FDphys,2Mh}
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£
2 =D 2t
= kFDphys oM kFDphys 2M Z Z)\.zp 1(2p — l) ZZZ(ZK n l)‘ (kFDphyS,ZMh) .
=0 | p=1 ’

Based on the derivation of Azp 1 as discussed in [7], we have the following identities

szp =1

M

S @p-1* =0, fort=1.2,..M-1,
p=1

Zkzp L2p =DM = (DM M — IR,

Therefore,

1 [CM =D 2M 2M+2
keX§2M = kFD phys’ZM — kFDphyS,ZM |:] 22M 7(21\/1 n 1)‘ (kFD phys’ZMh> + 0 <<kFD phyS.ZMh) )]

1 [@M-DIP oy IM4T |, 1 2M42
R —— [——ZZM Soma Mo (K +K )
1 [eM—-DM2 oy M4t | [ 2M42
- [ o amrn OO (KT 2) | G17)

which proves (5.16). Hence, with the assumption kgp prys 5y, = k™ (1+O(K"Y)) and t > 0, we can deduce that kg phys 0y =
k(14 OK*M)). o

From equation (5.10) and using results in [8], we can show that K is bounded by

2p — )P
<<2Z [((2pp—1))'] 52-%:71 (5.18)

We define

I h
FD2M1

~ 1
K K ==K,
FD,2 2

so equation (5.10) in terms of RFD,ZM and K becomes

M . 2 N -
Z [(?pr——:il);"] SiI]Zp_1 (KFD,ZM) =K. (5.19)
p=1 ’

To understand the behavior of high order schemes (large M) as the wave number (parameter K) increases, we consider the
following two cases.

Case 1: We first analyze the relative error between the exact and numerical wave numbers as a function of the order M
of the scheme, for different values of the exact wave number. Using the numerical dispersion relation (5.19), we define the
relative error in the numerical wave number with respect to the exact value of K as a function of M,

K M, K
Relative Errorg (M) := % -1]. (5.20)

In Fig. 5.1, we numerically plot the relative error (5.20) for several fixed values of K. One can observe that when K is within

the bound given in (5.18), the relative error decreases as M increases. However, the decrease in the error becomes less
significant as K increases. Thus, the greatest benefit of high order FD2M is seen in small values of K.

Case 2: Next, we analyze the relative error between the exact and numerical wave numbers as a function of the exact wave
number, for different orders M of the FD2M scheme.
We now define the relative error in the numerical wave number, Krp au for fixed values of M in a similar way as
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Fig. 5.1. The relative error, Relative Errorg (M), with respect to the order of scheme, M.
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Fig. 5.2. The relative error, Relative ErrorM(R ), with respect to the parameter K.

Krpam(M, K) 1

Relative ErrorM(I~( )= %

(5.21)

In Fig. 5.2, we plot the error (5.21) as a function of the parameter K. In this plot, we can see that the relative error decreases
as M increases. However, again the decrease in the error is most significant for small K. The figure also shows that the error
is reasonable when K < 7r/2, yet it increases and approaches 1 when K further increases.

Next, we illustrate the relative phase errors of the FD2M scheme for (5.2), M =1, ..., 5, with the parameter set p fixed
at values given in (4.16). The numerical wave number kpp 2y is obtained by solving (5.10) exactly or with the help of a
Newton solver (we set the tolerance at 10~18). Since

k®h =@/ €(@; p) wih,

then kgp 2mh depends on @, p, w1h, and M, and so does the relative phase error

(5.22)

. kep,2m (@) — k(@) kep,2m (@)h — k™ (@)h
Wpp oM (W) := =

kex(w) kex(@w)h

First, we fix w;h = /30, and present the relative phase errors as functions of @ € [0, 3] in Fig. 5.3. Because the leading
error term in the numerical wave number for the FD2M scheme is proportional to K*M, we expect 2M order accuracy
of the relative phase error with respect to K at a fixed angular frequency. We observe that all schemes have significantly
larger error around @ = 1, while the error fades out near @ = \/€s/€, where K is close to zero. As expected from analysis,
higher order spatial accuracy does result in reduced relative phase errors. We present the relative phase errors at @ =1
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Fig. 5.3. The relative phase error of physical modes for the spatial discretization FD2M. Left: fix wih = 77 /30 with @ € [0, 3]; right: fix @ = 1 with different
w1h € { /30, /60, 7w /120, 7T /240}.

with w1h =7 /30 in the left plot in Fig. 5.3, while in the right plot we depict the 2M order convergence of relative phase
errors with respect to K for fixed @ = 1. The slopes of phase errors in this plot are shown to be the same as those of
reference lines with slope 2M, indicating the 2Mth order of accuracy for each FD2M scheme, which agrees with the results
in Theorem 5.1. We note the presence of just one peak in these plots as compared to the presence of two peaks in analogous
plots of phase errors for temporal discretizations presented in Section 4.

6. Fully discrete FDTD methods

In this section, we consider the high order staggered spatial discretizations (5.2) combined with either the leap-frog
scheme in time (4.1) or the trapezoidal scheme in time (4.2) presented in Section 4. These fully discrete methods are sec-
ond order accurate in time and 2M-th order accurate in space, thus we denote them as (2,2M) leap-frog FDTD schemes
or (2,2M) trapezoidal FDTD methods. In particular, the (2, 2) leap-frog method is the extension of the standard Yee FDTD
method to Lorentz dispersive media. Finally, comparisons will be made among all finite difference schemes under consider-
ations.

We first compute the dispersion relation for the fully discrete (2,2M) schemes. To do so, we assume the plane wave
solutions

X1 = Xoei(lc’gmMjh—wnAc)’ (61)

where x is either LF or TP. Substituting (6.1) into the appropriate (2,2M) FDTD method (which we have not explicitly
written out here for brevity), we obtain the linear system

A;D,ZMUFD =0, (6.2)

where the coefficient matrix for the two schemes will be discussed in the next two sections.
6.1. Fully discrete dispersion analysis: (2, 2M) leap-frog-FDTD schemes

We first consider the (2,2M) leap-frog FDTD scheme. For the leap-frog temporal discretization the coefficient matrix in
the linear system (6.2) is given as

sin (%) AL 0 0
AL €cosin (%) sin (%) 0
F o _ M % 2 2
Afp.2m = 0 0 isin(%) & cos (%) ’ (63)
0 Stwdcos() —Stwicos(%) isin(%)—yAtcos(Y)

with
M 52M

At 2p—1 . 1
e (G L
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Based on previous discussions, we can derive the identity

"2 KLE _ h
Z [2p — 3] sip2p—1 [ SF.2m :1kLFh. (6.4)
= @p-1 2 2

For both the fully discrete methods, we focus our discussions on the physical modes. For the case of W « 1 and K « 1,
we analyze the Taylor expansion of the physical modes for the fully discrete leap-frog FDTD schemes and observe the
following pattern:

1<a(a-p) 1>W [2M — )12 KM

ki s oy = £k (1 +—= +OKMF2 4 g2Mw2 4 w4)) M>1.

€(@;p) 2 22M(2M + 1)!
(6.5)
v ; . At
Furthermore, with the relation K = ﬂw we can treat kIF as a function of W and v = , the CFL
V. /€0 FD PY8 2M h€xo

(Courant-Friedrich-Lewy) number subject to the stability constraint for the (2,2M) leap-frog FDTD scheme. Assuming v =
0(1), we have

1 (8@;p) 1 €@p)\,, ., 4
+kex (1 4+ — — - w ow , M=1,
( 1 (e(w;m 2" 2eoov2> oD

KLF (6.6)

FDPhYs o0

ike"(wl(a(f’p) —1) 2+O(W“)), M >2.
€(w;p) 2

We can see that due to the second order time discretizations employed, the fully discrete scheme always results in a
second order dispersion error. Particularly for all M > 2, the leading term in the dispersion error is identical, and indepen-
dent of v which comes solely from the temporal discretization. To compare the performance of the scheme for M =1 and
M > 2, we will focus on comparison of the coefficients of leading error terms in (6.6).

We first consider = 0. We can make the following conclusions.

e For @ in the medium absorption band, i.e. @ € (1, \/€s/€), it is easy to check that

s@p 1 e@p|_[d@p 1
€@;p) 2 26e0v? |7 |e(@;p) 2
$(w; w; o ) .
based on the inequalities (2. 113 < -1 and 62(:) 52) <0, which implies that the high order schemes reduce the disper-
’ [o¢]

sion error as one would expect. This is true independent of other parameter choices.
o For other @ values, the outcome will depend on the parameters. We can show that the general condition for the higher
order scheme (M > 2) to be more accurate in its dispersion error is equivalent to the inequality

2
<€—d> FA-2)@ —1)2 -2 <€—d) (a)z — 14021 — 3@2)) > 0. (6.7)
€00 €00

This is a quadratic inequality in @2. We can conclude that with the CFL condition v < 1, which is a necessary condition
to ensure the fully discrete (2,2M) leap-frog-FDTD scheme is stable for any M > 1 [8,7], we have
- if 0 < v < -, the condition (6.7) always holds for all & > 0.

72

-if L <v<1and

V2
% if 0 < €g/€00 < 2V% — 1, then the condition (6.7) holds on

oL <O <R,

% if €4/€5 > 2V% — 1, then the condition (6.7) holds on

0 <® < wp,
where
5 — —1 — €4/€00 + 202 +3€4/€00V? — Vy/—4€4 /€00 — 4(€4/€0)? + 8€4/E€coV? + €V /€00)?
L= 202 -1 ’
5 \/ 1 — €4/€00 + 212 + 3€4/€coV? + V/—4€1 /€00 — 4(€4/€00)? + 8€4/€xcV? + 9(edv/eoo)2
R =
2v2 -1
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Fig. 6.1. Absolute value of coefficients of leading error terms in (6.6) (denoted by C) for the (2, 2M) leap-frog FDTD scheme.

The case of 7 > 0 is even more complicated. For low loss materials, in general we expect similar conclusions as in the
lossless case. We now perform a numerical study, and compare the leading error terms in (6.6) with v = 0.6 (which is small
enough to guarantee that the scheme is stable for arbitrary M (see next section and [7]). The absolute values of coefficients
of leading error terms are plotted in Fig. 6.1, with €5, = 2.25, €; = 5.25 and various ¥ values. It is observed that we can
not determine which method performs better for the general case. From Fig. 6.1, it's clear that higher order schemes have
smaller dispersion error for 7 = 0,0.01 in the range @ € [0, 3]. This is no longer true for ¥ = 0.1, 1. The discussion here
reveals an interesting fact. For some parameter values, we can have counterintuitive results that the lower order scheme
performs better than higher order scheme when numerical dispersion is present.

6.2. Fully discrete dispersion analysis: (2, 2M) trapezoidal-FDTD schemes

We repeat the analysis done in the previous section for the fully discrete (2,2M) trapezoidal FDTD schemes. We obtain
the numerical dispersion relation for these schemes by setting the determinant of the matrix

sin (%) ATH 0 0
ATP €cosin (%) sin (%) 0
AEE 2M = M * ? %A/ A w (6.8)
5 - PR t o
0 0 isin (%) 5teos (5)
0  Swicos(Y) —Fwlcos(%) isin(%)—yAtcos(%)
to zero. In the above, we have
M 42M
At Ap—1 1 w
AR =N _P=_ ip — = ki hlcos — ).
M=y = 2p—1) p 5 ) XFD.2m 5
The numerical dispersion is given by
M 2 TP
2p —3)!! k h 1
S LCPZIRE Gap (St ) _ ey, (6.9)
2p—-1 2 2
p=1
By requiring W « 1 and K « 1, we can obtain the physical modes in the form
1 (8@;p) [(2M — D!
kTP =4k (14 = [ —= 1w+ ML o?M2 4 k2Mw2 L why), M=>1.
FDPYS, 20 < MEF: (e(w;p) * Tyt TR W =
(6.10)
For W « 1 with v = O(1), Taylor expansion gives us
1 (8@; €(®;
:tlce"(l—i——( L p2)>W2+(’)(W4)>, M=1,
kP 12 \ e(w; p) 2€xV (611)

FDPs oM 1 /8
ke (14 1 (2P g w2 g o)), M>2.
12 \ €(w; p)
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Fig. 6.2. Absolute value of coefficients of leading error terms in (6.11) (denoted by C) for the (2,2M) trapezoidal FDTD scheme.

This shows second order dispersion error in all cases. When % =0, it is easy to check that

8 - -.
(2, p) 1 €(w; p)
; 2€5012

8(@;p)
€(@;p)
error than the (2,2) FDTD scheme. On the other hand, numerical tests comparing the coefficients of leading order error
terms in the trapezoidal FDTD schemes are provided in Fig. 6.2, with various ¥ values and the same parameters as used in
Fig. 6.1. The plots indicate that it is again difficult to determine which coefficient (for M =1 or M > 2) is larger when ¥ is
large.

+ 1| for any @ > 0 and v > 0. Hence, the high order FDTD schemes with M > 2 always have smaller dispersion

6.3. Comparison among fully discrete FDTD schemes

Here, we will present comparisons of the relative phase error for both the leap-frog and trapezoidal FDTD schemes using
the parameters values fixed as in (4.16). For the fully discrete schemes, wiAt and wih are needed to determine ]‘Fn,zm-
As shown in [6,7], the schemes based on the trapezoidal rule are unconditionally stable, while the leap-frog schemes are
conditionally stable, with the stability condition as v < vZM, with v2¥ defined as the largest CFL number of the (2,2M)
leap-frog-FD scheme, given by the formula [7,8]

. . — (612)
Z [2p =3P
2p-1!

=1

We note that as M increases, v2M decreases but is bounded from below by v, =2/, i.e. in the limiting case (M — 00),
max approaches 2/m [8].

First, we will consider the schemes with a normalized CFL number v/v2M = 0.7 for both types of temporal discretiza-
tions. Relative phase errors are plotted in the range @ € [0, 3]. In Fig. 6.3, we show errors of LF(2,2M) and TP(2, 2M) with
W1 = 7 /30. The fully discrete schemes do give two peaks near @ =1 and @ = /€s/€~. As seen in Section 4, the phase
errors for schemes based on semi-discretizations in time have two peaks in this range, while only one peak is observed for
the semi-discrete spatial schemes as seen in Section 5.1. Thus, it is reasonable to believe that the second peak results from
time discretization, while the first one is associated with both space and time discretization. Comparing FDTD schemes with
the same time discretization, phase error for the scheme with M =2 is smaller than that of the second order scheme for
M = 1. However, there is no significant difference among the phase errors with M > 2 indicating that dispersion errors are
dominated by time discretizations when M > 2. These observations are consistent with our analysis. On the other hand,
difference in phase error plots between LF(2,2M) and TP(2,2M) is similar to the results obtained for the semi-discrete in
time schemes as seen in the second plot of Fig. 4.1.

In the second experiment, we will consider the fully discrete trapezoidal FDTD scheme with various CFL numbers. We
give the contour plots of the dispersion error at @ =1 in Fig. 6.4, with W1 € [0.05,0.3] and wh € [0.01, 0.1]. Here, the
vertical coordinate is W = @ W7 and the horizontal coordinate is |K| = |@+/€(@; p) wih|. In this coordinate system, for
the range of values considered, the dispersion error of TP(2,2) can be improved by both taking smaller time steps and/or
refining the spatial grid. With fixed time step and spatial grid, we can also reduce the phase error by increasing the scheme
to fourth order. The contour lines in Fig. 6.4 of higher order (M =2, 3) schemes are horizontal, and the contours for TP(2,4)
and TP(2,6) have no visible difference. Neither decreasing space mesh size nor increasing spatial order can reduce the phase
error, which also illustrates the dominant role of temporal errors.
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Fig. 6.3. The relative phase error of fully discrete FDTD schemes for the physical modes with v/ v,%%( =0.7 and W1 = /30. Left: the leap-frog scheme;
right: the trapezoidal scheme.
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Fig. 6.4. The contour plots of relative phase error of fully discrete FD schemes for the physical modes with trapezoidal scheme. @ = 1.

Both our analysis and figures demonstrate that FDTD schemes with M > 3 do not improve the phase error of fully
discrete schemes significantly beyond that achieved for M = 2. Hence, LF(2,4) and TP(2, 4) seem to be the “best” schemes
to work with from this perspective for most parameter choices (except for materials with large loss, or low-loss materials
with certain range of frequencies as shown in Figs. 6.1 and 6.2).

7. Spatial discretization: discontinuous Galerkin schemes

In this section and next one, similar to Section 5 and Section 6, we perform semi-discrete and fully discrete analysis
when the spatial variable is discretized by DG schemes. Here, we define the grid as xj1/2 = (j+1/2)h, j € Z, with uniform
mesh size h. Let Ij = [Xj_1/2,Xj+1/2] be a mesh element, with x; = %(Xj,% + xH%) as its center. We now define a finite

dimensional discrete space,
Vi ={v:v|;; € PP()), jeZ}, (7.1)

which consists of piecewise polynomials of degree up to p with respect to the mesh. For any v € V7, let vj,*+1 (resp.
2

i imi : . - o
vj+%) denote the limit value of v at Xj1 from the element I (resp. Ij), [V]H% = vj+% vj+% denote its jump, and
N s - . .
Vi = 2(vj+% + vj+%) be its average, again at x; 1.
The semi-discrete DG method for the system (2.5) is formulated as follows: find Hy(t,-), Dy(t,-), En(t,-), Pp(t,-),
Jn(t,-) € VP, such that vj,

/ d Hnpdx + f Endxgdx — (Eng ) jp12 + (Eng)j_12=0, VoeVP, (7.2a)
Ij Ij
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/ 3 Dnopdx + / Hpdxpdx — (Hrp)jsr2 + (Hn¢)j—12=0, Vo e V], (7.2b)
Ij I

0:Pn = Jn, (7.2c)
3 Jn = =2y Jn — @} Pp + wy En, (7.2d)
Dy = €xEp + Pp. (7.2e)

Both the terms Ej, and Hj are numerical fluxes, and they are single-valued functions defined on the cell interfaces and
should be designed to ensure numerical stability and accuracy. In the present work, we consider the following general form
of numerical fluxes similar to the ones introduced in [10],

En = {En} + a[Ep] + B1[Hn], (7.3a)
Hp = (Hp)} — [Hp] + BalEn]. (7.3b)

Here, o, B1 and B are constants that are taken to be O(1), with 81 and 8, being non-negative for stability. For example, if
we take o = B1 = B =0, we have the central flux

En=1{En}, Hn={Hn); (7.4)
if « =+1/2 and 81 = B2 =0, we have the alternating flux
En=E,, Hy=HJ; or En=E}, Hy=H; (75)

and if @ =0, 81 =1/(2./€x), and By = /€x/2, we have the “upwind” flux for the Maxwell’s equations neglecting Lorentz
dispersion

=

— 1 ~ 00
Ep={Ep} + ﬁ[Hh], Hyp ={Hp} + %[EM (7.6)

In particular, when using the alternating flux with p =0, it is easy to check that the DG scheme is equivalent to FD2
discretization.

7.1. Semi-discrete in space dispersion analysis

In order to carry out the dispersion analysis for piecewise PP polynomials, we assume that the semi-discrete system has
plane wave solutions of the form

Xn(x, O)li; = €' e/ =0 Xo (2(x — x)) /h), (7.7)

where Xo(-) € PP[—1,1], and kpg,p representing the numerical wave number of the semi-discrete DG scheme. To find kpg_p
for any p > 0, we will follow the idea given in [1,4,3], in which the system will be simplified by using Jacobi polynomials
as the basis functions of PP.

In our analysis, we will transform the interval I; to the reference interval [—1, 1] with s =2(x — x;)/h. An inner product
is defined on [—1,1] as

1
<f.g >=/f(5)g(5)ds‘
-1
Then, (7.2) leads to the following system for any ¢ € PP([—1,1]):
— %ia)h <Hp,¢p>— < 0:Ep, ¢ >
1 . )
+ ((a - 5) (e™oor Eg(~1) — Eo(1)) + B (067" Ho(~1) — Ho(U)) o (1)
1 —ikpe ph —ikpe ph
- ((a + 5) (Eo(=1) —e7M0r"Eq(1)) + 1 (Ho(~1) — e oo Ho(1>)>¢<—1> =0, (7.82)

1
—Eiwh<D0,¢>—<agH0,¢>

1 . )
(o= 5) (Foert o1+ Hoah) + o (45 Eo(-1) = Ea(h) } o (1)
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1 ) )
- <<a + 5) (Ho(—l) + e_’kDGvPhHo(l)> + B (Eo(—l) - e—lkahEou))) $(—1)=0, (7.8b)
—iwh < Py, ¢ >=< Jo, ¢ >, (7.8¢c)
—iwh < Jo,¢ >==2y < Jo.¢ > —wf < Po.¢ > +w) < Eg, ¢ >, (7.8d)
<Dg,¢p >=€x <Eg,¢p >+ <Pgy,¢p >. (7.8e)
Note that (7.8c)-(7.8e) give us that

w2

P
< Do, ¢ >= S B — < Eg,p >=€ < Ep, ¢ >, (7.9)

w? = 2iyw+ w3

with € = €(®; p) given in (3.4). Hence, we can have a system only in the variables Eg, Hy and ¢ by plugging (7.9) into
(7.8a) and (7.8b). Furthermore, define two polynomials in PP ([—1, 1])

u1 =~€Eo+ Hp, and uy=+/€ Eg — Ho.
Then, u; and u; satisfy the following system,

< Liun ¢ > +R7 (U, uz, ¢3 @, B, fo. €, €00 =0, (7.10a)

< Lfuz, ¢ > +R (U1, uz, 5 @, B1, fo, €, ercrly = 0, (7.10b)
with the differential operators depending on €

.c;tv:;(%iﬁwh)v+agv::F%mwragv, K = k%h. (7.11)
And the second terms R* are given as

R™(u1,uz, ¢; &, Bi, B2, €, elkoerl)

1 . .
=S¢ () {(1 + B1/€ + %) (e*kDG-phm(—l) - u1<1>) + <2a — PiveE+ %) (elkDG-p"ux—l) - uz<1))}

1 . .
—50(-1) {(—1 + Bive + %) (u1(=1) = e~oorhu; (1)) + <2a N %) (u2(-1) - e*”‘Dva“uz(n)} ,
(7.12a)

RY (U1, uz, ¢; a, B1, Ba, €, e'kocphy

1 i .
=561 {<2a +pive - %) (e™oortus (—1) —ur (1)) + <1 —prv/e - %) (e™oortuz(~1) - uz(l))}

1 . .
—§¢(—1) {<2a + 1€ — %) (Ul(—1) - e_lkDG'phU1(1)> + (—1 — Bive - %) (uz(—l) - e"kDGvPhuz(l))} )
(7.12b)

In particular, if the test function vanishes at the two endpoints, i.e., ¢(—1) = ¢ (1) = 0, the second terms R* = 0. Next, we
will look at the system (7.10) instead of (7.8).
When p =0, uy and u; are constant. Taking the test function ¢ =1, (7.10) gives us

0=iKU1+%<)»—)»_1+(/31«/—+&)()» 2+k_1))u1+ (20! BiveE+ —=

NG )()» 241" )llz,

7

1 1
0=—iK ~(2 A—24+ A" A—A"T— oy —242" ,
i Uz+2<a+ﬁ1«/— I>( + )u1+2( (ﬂf+f)( + ))uz
with A = etkoc.p" This system has non-trivial solutions u; and u5 if and only if
1 1
iK+ = A—r1+(ﬂ1«/2+ﬁ)(x—2+r1) —<2a—ﬁ1ﬁ+ﬁ A=24171H
Det 2 \/E 2 “/— -0
L 20 + Bi/€ — A—2+2171) LK (aoat (ﬁf+—)(x 24271 o
2 f 2 Je

For general p > 1, use the fact that

<L uy, ¢ >=< Ejuz, ¢>=0, Vo=(1-—5)(1+s)w(s), withw(s) € Pp_z[—l, 1],
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we obtain that
Louy=a PV +b P, cruy=at PPV +btPyY,

where Pg"’”) denotes the Jacobi polynomial of type (m,n) and degree p. Moreover, recall the following polynomials of
degree p from [1],

2p+1 m,p—m
OLE(s) = Z(im)"’”(’z H)T) PRI (), (7.13a)
2.+ m( p+1—m)! _ p_mit1,p-m
DoE(s) = Z(il) 2 D! = pl (s). (7.13b)

And they have the property that
(—iKPTT (p+ D! o1y

—q)l,— — P i
L@y (s) 2 Qprl? ),
C o (—iKPTT (p+ D! 4.0
LZD% ()= — P9,
«®p ) 2 @p+nr? ®
AP o+ D! o
£+CI>]'+ S)=— —— P (s),
<P 2 eprun? ©
AP o+ D! o
£+CI>2'+ S)=— - - > (s).
<P ) 2 eprun? ©
Therefore,
up=a"®y"+b 0y, uy=atoy T +bT5T.

Then, the coefficients a* and b* satisfy four algebraic equations corresponding to choosing test function in (7.10) with test
function ¢ =1 £ . This leads a 4 x 4 system

M-@",a",b*, b)) =0, (7.14)

with the matrix M given as the following

(1+,31x/_+—))» (—1)p(—1+ﬂ1x/g+&) —(=DP Qo - ﬁn/_-i-—)?» —(Za—ﬂn/g-i-'g—\/z—)

f f NG
(2a+ﬂ1f—f)k (— I)P(Zo&jﬁn_/E—T) —(—U"(l—&ﬁ—%» (1+ﬁ1f+ﬂ—})
Ay —F, AFS —F 0 0 N
0 0 AF L —Fy APy —Fpi
and
N (=Pm (FHK)T N (=p — D (FIK)™
Fﬁ = Z ) F;EH Z ’

= (-2p—Dn m! Z(-2p—Dn m!

where (a)g =1 and (a); =a(@+ 1)---(@a + m — 1). Then, the numerical dispersion relation can be obtained by solving

Det(M) =0
In summary, we have the following theorem which characterizes the dispersion relation satisfied by kpg,p.

Theorem 7.1. Consider the DG scheme (7.2) with V,’]’ as the discrete space. Then, kpg, satisfies the following equation for any p >0,

. . 2 . .
ap (elkDC,ph + eflkDG.ph) _|_ bp (elkDC,ph + e*'kDG,ph) + Cp — 0 (7]5)
Here, for p =0,
ag =1~ 4(c” + B12).

bo =16(c® + B12) — 4iK <,31\/_+ ﬁ%)

:—4(1+4(a +,31ﬂz))+811( <ﬁ1f+f>+41<2
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While for p > 1,

ap =(~1)P (1 — 4(? +ﬂ1,32)) FyFp.

bp=— (-1 (1-4@>+$182)) (Ff Fioy + Fy Fpy )

+ (1 + 4(a? +ﬂ1ﬁz)) (F+F,,+1 +Fp Fp+1)

+2 (/31\/54- %) <F+Fp+1 Fy Fp+1)
¢y =217 (1= 4@+ $12)) (Fia Fpur = Fi Fy )
—(1-4@2+ 182 ()P + (F )+ (Ff )P + (Fpip)?)

—2<ﬂ1ﬁ+%

In particular, kpg,p are the roots of a quartic polynomial equation in terms of A = elkoc.oh if 2 + B1 By # 1/4, and kpg,p are the roots
of a quadratic polynomial equation in terms of = e'*06.p" when o2 + 182 = 1/4.

)((m — (F)? = (Ff )P + (Fp)?).

By Theorem 7.1, we can see that the dispersion relation is more complicated than that of the FD scheme, caused by
the dependence on the flux parameters «, B1, B2, and the coupling of the local degrees of freedom. For the DG scheme
(7.2) employing the central flux (7.4) (¢ = B1 = B2 = 0), there are four discrete wave numbers kpg, p, corresponding to two
physical modes and two spurious modes. While for the alternating fluxes (7.5) and the upwind flux (7.6) (a? + g1 82 = 1/4),
there are only two discrete wave numbers kpg, p, corresponding to the physical modes. This conclusion holds for arbitrary
p. Unlike the FD scheme, when we increase the order of the accuracy of the scheme, the number of modes won’t change
when the dispersion relation is expressed by representing the discrete wavenumber as a function of the angular frequency.

Next, with the help of Theorem 7.1, we can obtain the analytical dispersion relation formula for general p > 0 based on
the small wave number limit K — 0. In the following, we write

b=w(pre@;p)+p2), and szh=1<<,31\/5+& (7.16)

)

Note that, b(w) = 0 if and only if 81 = 8, = 0. And we assume B/K =b/k® = O(1), which means B « 1 as well. The results
are given as follows.

Theorem 7.2. For the spatial semi-discrete DG method with VP as the discrete space.

e When o = 81 = B = 0, there are four discrete wave numbers. Two of them correspond to the physical

1 ! 2
ex (1 + p+ ( p ) K2p+2 +0 (K2P+4)> , p>0andeven,

2@p+3) \2p+ 1!
kDGphyS,p = zp +1 p‘ ) (717)
k(1 — i K?P + 0 (K?P*2) ], > 0 and odd.
( 20+1) ((2p+1>!> (). p=

o When a2 + 18 = 1/4, we have two physical modes

1 1
ke <1 +5iB+ o (K2 932) +OGK?B +iB% + K“)) . p=0,

1 ! 2
k(14 = <p7) iK*B+-——
kpgpys , = 2\@2p+1)! 22p+1)2p+3) (718)
’ 2
(7;9! ) (1(21’+2 —Qp+ 3)1<2P32)

Cp+1)!
40 (i1<21’+23 +iK?PB3 + 1<21’+4)) , p>1.

Proof. The results of o« = 1 = B2 = 0 are special cases of the general results of Theorem in [1]. So we only consider the
second results with a® + 8182 = 1/4 here. In this case, (7.15) gives us
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0= bp(e”‘DGPh + e Hkoc.phy 4 cp = 2bp cos(kpg,ph) + cp.
When p =0, this reduces to

8 — 8iB — 4K? 1 1./B
cos(kpg.ph) = —————— =1— —K? — 5 <—) K3+

B\ 4 5
— ) K OK>).
8 _8iB 2 K (1<> +OK?)

1
2

Furthermore, take cos~! on both sides and we can obtain

1./B 1 B\? B B\3
kpcoh=x|K+=i|=)|K*+—[1-9(= K3 i|=)k*+i(l=) K*+K°
DG,p ( +21<K> +24< (K)) +O<1<K> +1 X +

1 1
_ 4pex L. A (2 gR2 .n3 | ip3 4
=4k h<l+2lB+24(K 9B)+(’)(IBK +iB°+ K )).

In the following, we will look at the general p > 1. Denote

etikK _ [p+1/ple+ix
oIk ’

+ _ pF\2,%iK ot _
M, =(Fy)e", and 0, =

FE .
with [p + 1/ple+ik = ;—;1 being the [p + 1/p]-Padé approximation of e*X. Then
p

B . . B . .
_ + _ - —iK iK1 _ o+\2 - - iK —iK1 _ )2
2(np<1 K)(e +ek( ®p))+np<1+K>(e +e K ®p)))
N B - B -
2x2( My (1= )(1=0p) + T, {1+ ) (1-6})
B B
+ + - -

mr(1-2)ersm (1+2) e
P\ Tk p T +E P

cos(kpg,ph) = —

1 - -
= cos(K) — i sin(K) (0 —0,)+ (05 +65)

+0((©5) +(;)* + 07 6}).

Next, we will estimate the second term of the right hand side in the case where K « 1. Corollary 1 in [1] showed that

1 ! 2 +iKQp+2
ef — _ K2p+2 <p7) (1 & + O(K2)> .

) 2p+1)! @p+1)(2p+2)
Therefore,
Of + 07 = —K?P+? _ ’ + O(K?PT4), (7.19a)
P @p+1)!
! 2 2p+2
O} — 0, =iK>+3 ( p ) @Pt2) | oik2p5, (7.19b)
@p+1!) 2p+1@2p+2)

Note that B/K = O(1). Then, we can obtain the Taylor series expansions in K
—nt(1-2 eF + 11, 1+E o5
P K) P K P_B+i1321< BY(,_(BY)_X
B B>®_ o K K 2p +1 K K (2p + 1)2
p

+ _ + - -
(D)o em (148
, B\? p B\’ K? 4
+1(1_ <?> ><2p+1 B <E> ) @p 1 PO 720

Combining series (7.19), (7.20) and the fact that sinK = K — 1K + 0(K®), we have

cos(kpg, ph) = cos(K) —iC1K?P*3 — CuK?P+4 4 0 (131<2P+4 +iB3K2P T2 4 1<2P+5) , (7.21)

with
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Fig. 7.1. The relative phase error of semi-discrete DG scheme for the physical modes. First row: fix wih =7 /30 with @1 € [0, 3]; second row: fix @ =1

with different wih € {£5, 5. 55+ 540 )-

C_il(§><p7!)2 C= ] ( P >2 1-@2p+3 (E)z
2k \ep+nt) T P T 2@p+ D@p+3) \@p+ D! eCrI{) )

Finally, take cos~! on both sides

kogph == (K + C1K2P¥2 4 CK?*2 4 O (iBK?P 2 1 iB2 K2+ 4 K275)),

and the result is proved. O

Remark 7.1. These formulas show that, when using the central flux (o« = 81 = 82 = 0), the physical modes have a dispersion
error with order

{ 2p +2, if piseven,

2p, if p is odd. (7.22)

When using the alternating fluxes (a? + 8182 = 1/4 and B = 0), the scheme has a dispersion error of order (2p + 2). In
particular, the dispersion errors for @ = 1/2 and o = —1/2 are the same. For the upwind flux (a? + 818, = 1/4 and B # 0),
we can observe a (2p + 1)-th order dispersion error, which is related to K and B at the same time.

It is clear that the order of dispersion error for DG scheme is higher than that of the L2 convergence. This is an advantage
of DG schemes, and differs from FD schemes significantly.

To verify the results above, in Fig. 7.1, we study the relative phase error of the physical modes of the semi-discrete DG
scheme (7.2) for p =0, 1, 2, 3, with parameters in (4.16) using the alternating flux (DG-AL) (only the result of one version
of the alternating fluxes is shown, because they are identical to each other), the central flux (DG-CE) and the upwind flux
(DG-UP). The numerical wave number kpg,p is obtained by solving (7.15) exactly. First, we fix w1h = /30, and plot the
dependence of relative phase error as a function of @, see the first row of Fig. 7.1. It is clear that DG-AL always gives
smallest error when the same discrete space is used. This can also be verified by comparing the orders and coefficients in
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(7.17) and (7.18). All schemes have significant larger errors around @ = 1. For DG-AL and DG-CE, the phase errors approach
ZEro near @ = +/€;5/€x where K is close to zero. For DG-UP with p = 0, the error is dominated by B (see equation (7.18)).
Therefore, the “zero” point would shift to the “zero” point of B, which is about /1 + €4/(2€x) ~ 1.291. Comparing FD2
(Fig. 5.3) and DG-AL with P, they have the same performance. However, once we increase the order to p = 1, DG-AL has
significantly smaller error than FD4, resulting from the smaller coefficients in leading error terms, see (5.12), (5.14a) and
(7.18). In the second row of Fig. 7.1, we present the errors at @i = 1 with mesh refinement. Slopes indicate the order of
accuracy for each scheme, which agree with our analysis in (7.17) and (7.18).

8. Fully discrete discontinuous Galerkin methods

Here, we consider the DG scheme (7.2) coupled with the leap-frog time discretization (4.1) and the trapezoidal time
discretization (4.2). To analyze dispersion relation for those fully discrete schemes, we assume numerical solutions in the
form of

X2y, = ' “0e" A0 X 2(x — xj) /),

where, * can be LF and TP.
8.1. Fully discrete dispersion analysis: leap-frog-DG schemes

Here, we define

2 w 2 w
U =veFEg+ m sin (—) Ho, up=+ve€¥Eq— W sin (—) Ho,

2 2

with €'f = ¢(@"F; pf) given in (4.6). Then, the fully discrete leap-frog-DG schemes reduce to the following problem:
- _ wW/2 sin(W/2)cos(W/2) | it p
L1, R~ (u1, u2, ¢; , ,€7,e 06Ty =0 8.1a
<Lpu1,¢ > +R™ (U1, Uz, ¢ ﬁltan(W/Z) B2 W2 ) (8.1a)
W/2 sin(W/2)cos(W/2) | ik p
L pus, RY(u1,uz. ¢: , ,eF ey =0 8.1b
<Llsuz, ¢ >+R7(ur, uz, ¢ ﬂltan(W/Z) 2 W2 ) (8.1b)

Note that (8.1) and (7.10) are given in the same form with different parameters. Hence, (7.15) is still valid for the fully
discrete leap-frog DG scheme, with parameters modified as the following:

w2 sin(W /2) cos(W /2)

anw /2’ P27 w2

€e—>€ef K- Velfoh, B1— B
In this case
ay = (—1)° (1 —4? + B cosz(W/Z))) .

i1, LE
Therefore, if & = i% and B1 = B2 =0, then kBFG,p are the roots of a quadratic polynomial equation in terms of A = ko pht-
1, LF
bG,p are the roots of a quartic polynomial equation in terms of A = etkoc.ph,
We can see that for the upwind flux, there are four discrete wave numbers k& »
and two spurious modes, which differs from the semi-discrete results in Theorem 7.1.
Below, we analyze numerical dispersion property of the physical modes when W « 1. The formulas can be obtained by
b/w

V€0 V

Otherwise, kL

corresponding to two physical modes

repeating the proof of Theorem 7.2, and details would not be given here. Note that B = bh = W « 1 with a fixed

CFL number v, with B given in (7.16).

e When using the central flux, i.e. « = 1 = 8, =0, we have four solutions, and two of them correspond to the physical

modes,
1 [(8@@;p) 1 2, 1 5 4 21,2 4
k(14 — — = K>+ 0 (W*+W2K? + K =0
‘ <+12(e(€5;p) 2) teot ( + + ) b=5
1 [(8(@; 1 1
LF = (HE (eg-gi - 5) 2_4_8K2+O(W4+W2K2+K4>>’ p=1
kDGP“VS,p= 1 5(602,13) 1 4 2 ®2
+k (1 +5 (E(w. . 5) w240 (W + K*Pt )) : p =2, even,
1 /5@: 1
+k (1 +5 (eig.g; - 5) w240 (W4 + 1<21’)> . p=2,o0dd,
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in the case of K <« 1 and W « 1. They can be further written as

1 (8@:p) 1 2€@:p) 2 4
(14— [ ———= — = w?2+o(w*)), p=o,
¢ ( +12 (e(a);p) 2+ €xoV? ) + ( ) p
1 (8@:p) 1 e(@;p)
kL =1 k(14 = —= — = — w2+o(w*)), p=1, 8.3
‘DG P, p ‘ <+12 <e(a);p) 2 4600122) + ( ) p (83)
1 /(§(w;p) 1 2 4
ex _ _
+k <1+]2 <E@;p) 2)W +0(w) , D=2,

with W « 1 and a fixed CFL number v.
e When using the alternating flux, i.e. « = +1/2 and 81 = B, = 0, there are only two solutions, corresponding to the
physical modes,

1 [(8@; 1 1
ikex<1+—( (@:P) —7> 2+—K2+(’)(W4+W2K2+K4)), p=0,

LF _ 12 \e(@;p) 2 24
kDGP“VS.p - 1 (s@;p) 1 2 4 | 1 2p+2 (&4
ikex<1+ﬁ(€(A p)_i) +(’)(W +1<P+)>, p>1,
;
in the case of K <1 and W « 1, or
e (1 + L (5@; p_1 €@ p)) w2 +O(W4)> p=0
JLF _ 12 \e@;p) 2 2€5012 (8.5)
DGPs p 1 (s(@;p) 1 2 4 '
ke (14— (2R W+0(W) , p=1,
12 \e(w;p) 2
with W « 1 and a fixed CFL number v.
1 W
e When using the upwind flux, i.e. « =0, f1 = ——— and B = &, there are four solutions. The two physical modes
2./€x 2
are
ex 1. 2 2
+k 1+—1B+(’)(W +1<) , p=0,
kpgons = 21 s@:p) 1 (8:6)
T ke <1+ﬁ(e@ig) —5> 2+o(w4+i1<2PB)), p>1,
which can also be written as
b/w
£ (1+io——W + 0 (W?)), =0,
( + SN + p
1 (8w 1 .
kpgoms , = 1 £k (1 +5 (Gia l;; - 5) w?+o (1W3)> . p=1, (8.7)

1 /8w 1
ke (14— (2ep 1 w2+o(wh)), p=z2,
12 \e(w;p) 2
with W « 1 and a fixed CFL number v.

The formulations above demonstrate that all fully discrete schemes are second order accurate in numerical dispersion,
except for the upwind flux with P°, for which the error is of first order. Comparing the leading error terms with the
same flux but with different p values, we can see that the temporal error would be dominant when p > 2 by upwind
flux or central flux and p > 1 by alternating fluxes. Moreover, it is observed that the leading error terms for high order
schemes, when the temporal error dominates, are the same with the FD schemes (6.5) and (6.6), which come from the time
discretization (4.8). In particular, the leading terms of DG scheme with alternating flux are the same as those of FD scheme.
Hence, we can also have counterintuitive results that the lower order scheme performs better than higher order scheme
when numerical dispersion is concerned for some given dispersive media and discretization parameters. Similar results are
observed for other numerical fluxes as well as for the trapezoidal-DG schemes in next section.

8.2. Fully discrete dispersion analysis: trapezoidal-DG schemes

We define

2 w 2 w
uy=veWPEy+ —tan| — )Ho, u»=+vePEy— —tan| — | Ho,
1 0+W (2) 0 2 0 W (2> 0
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with € = ¢(@™; p'®) given in (4.12). And we can turn the problem in the similar form of (7.10):

- - W/2 tan(W/2) 1p a2 p
Lopuq, R (uq,uz, ¢; o, , L€ ,e ber)y =0 8.8a
<L_pui,¢>+R"(u 2¢aﬂltan(W/2) B2 W2 ) (8.8a)
W/2 tan(W/Z) ']TP h
LUz, R (u1, up, ¢: c, , €™ enep™y = 0 8.8b
<Llpuz, ¢ >+R" (U 2¢aﬂltan(W/2) B2 W2 ) (8.8b)

Again, (7.15) is still valid for the fully discrete trapezoidal-DG scheme, with parameters as the following:

wW/2 By — By tan(W/Z).

™ /T
€e—>e", K—vePwh, - pB—,
Pr=Franw,2) W /2

In this case

ap = (=17 (1 - 4@ + 1))

which is the same as that for semi-discrete scheme. Therefore, kg;_ p are the roots of a quartic polynomial equation in terms

TP - TP
of & = e if o2 + BB, # 1/4, and kpg, are the roots of a quadratic polynomial equation in terms of i = e™0c.»" when
a? + B1B2 = 1/4. This is the same as semi-discrete results.

Below, we list the physical modes kTDI&_p for p > 0, and perform an asymptotic analysis when W « 1 and K « 1.

e When using the central flux, i.e. « = 1 = 8, =0, we have four solutions, and two of them correspond to the physical
modes. When W « 1 and K « 1, the physical solutions have the form as

1 [8@@;p) 2, 1 5 4 21,2 4
14+ — [ — 1)w2+ k2+0(wr+w?k2+k*)), p=o,
’ (+12(€(w;p)+> + oK+ (w+ +k*)). p
1 (s@: 1
+kX <1+—( (‘ﬁ P) )W2——1<2+O(W4+W21<2+1<4)>, p=1,
P _ 12 \ €(w; p) 48
kpg omvs , = 1 (8@;p) 5 P (8.9)
’ X1+ — ( — 1) w2 +0(w?+K?P+2) ), > 2 even,
( 12 (E(w;p)Jr ) * ( * )> P=
1 [(8(@;p) 2 4 2
+k* 14+ — — 1 )W +0O(W*+KP) ), > 2, o0dd,
( MEP (E(w;p)Jr ) * ( * ) P=
and can be further rewritten into
1 (é8(w;p) 2¢(@;p)\ |, 2 4
k(14 — [ — 1 w2+o(w*)), p=o,
¢ (+12(6(a);p)+ T en? + ( ) p
1 [(8(w;p) €(@;p)
TP _ ex - _ 2 4 —
kpeoms , = 1 £k (1+12 (e@;p)+l 4€wv2>w +0(W )) p=1, (8.10)
1 (8(@;p) 2 4
(14 — [ —= +1 w2+ 0(w?) ), >2,
‘ (+12(6(a);p)+> * ( ) b=

in the case of W « 1 and with a fixed CFL number v.
e When using the alternating flux, i.e. « = £1/2 and B; = 8, = 0, there are only two solutions corresponding to the
physical modes,

1 [ 8(w; 1
k(14 — (f p)+1 W2~|——K2+O(W4+W2K2+K4) , p=0,
TP 12 \ e(w; p) 24
kP e = = (8.11)
DGPMS p ex 1 (é(w;p) 2 4 2p+2
(14— (22 1) w +o(w K2 ) : p>1,
12 \ €e(w; p)
in the case of W « 1 and K « 1, or
1 /8w e(w;
+k* (14 — (? p)+1+ @:p) W2+O(W4) , p=0,
TP 12 \e@; p) 2e5002
KPP = @ (812)
PO e (14 L (S@R) W2+O(W4) p>1
12 \ e(@; p) ’ -

in the case of W « 1 and with a fixed CFL number v.
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Table 8.1
Vhax for DG scheme and v2¥ for FD scheme.
p=0 p=1 p=2 p=3 p—>o0
DG-CE 1 0.211325 0.101287 0.0605268 0
DG-AL 1 0.192450 0.089115 0.0521629 0
DG-UP 1 0.211325 0.101287 0.0605268 0
M=1 M=2 M=3 M=4 M=5 M — oo
FD 1 0.857143 0.805369 0.777418 0.759479 0.636620
e When using the upwind flux, i.e. « =0, g1 = ﬁ and B, = @ there are only two solutions corresponding to the
physical modes,
ex 1. 2 2
+k 1+§18+O(W +1<) , D=0,
k™ = ~ (8.13)
DG PYs p 1 [(é(w;
e (14 L (2@ w2+0(w4+i1<21’13) Cp>1,
12 \ € (w; p)
which can be rewritten as
b/w
ke 1+i7W+O(W2) , =0,
( 2/€x0V P
1 (8(@;p) )
kP = e (14— (22R W2+o(1w3)  p=1, 8.14
DGP.p ( 12 \ e@: p) P (814)
o 1 (5@:p) 2 4
k(14 — (222 4y W+O(W) , p>2,
12 \ e(w; p)

in the case of W « 1 and with a fixed CFL number v.

We have similar conclusions as those for the fully discrete leap-frog DG schemes, except that the leading error terms for
high order schemes come from the fully implicit time discretization (4.14).

8.3. Comparison among fully discrete DG schemes

In our previous work [6], we have proved that the fully discrete DG schemes based on the trapezoidal rule is uncon-
ditionally stable and the leap-frog schemes are conditionally stable. Following the proof in [6], we can find V2, such that
under the condition v < v}, the leap-frog schemes using PP space are stable. Those Vb, values for p=0,...,3, 0o are
listed in Table 8.1. For comparison, we also list the CFL condition for FD scheme for various M values in the same table. We
can see that the CFL number for DG scheme is much smaller than that for FD scheme, particularly for high order case.

In Fig. 8.1, we plot the relative phase errors of fully discrete DG schemes with leap-frog discretization for Wi =
/30, w /300 using material parameters (4.16). We can observe that the overall behavior of the plot with Wi =7 /30 is
quite different from the FD plots and the plots obtained with W1 = /300, and the magnitude of the errors is very large.

1
Ve v
makes the mesh size h extra large. We conclude that the small CFL number is one disadvantage of high order DG schemes.
When comparing the figures obtained with W1 = /300 using the three numerical fluxes, it is clear that the alternating
flux has the smallest error, while the error obtained by the upwind flux is the largest. The overall dependence of the error
on @ is very similar to those from the FD schemes.

Next, we consider the unconditionally stable DG scheme with trapezoidal rule and varying CFL numbers. Fig. 8.2 shows
the contour plots of the dispersion error at @ =1 with (W1, wih) € [0.05,0.3] x [0.01, 0.1]. It is observed that DG-AL with
p > 1 have horizontal contour lines, indicating dispersion errors are dominated by temporal ones. In comparison, DG-UP
and DG-CE have horizontal contour lines when p > 2. The values of numerical dispersion errors obtained by high order DG
schemes are very similar, which also illustrates the dominant role of temporal errors. This observation is consistent with
our theoretical analysis.

This phenomenon results from wih = W1 and the tiny CFL numbers restricted by the stability condition which

9. Benchmark on physical quantities

In this section, we will verify the performance of the finite difference and discontinuous Galerkin methods by plotting
quantities that are important for wave propagation such as the normalized ratio between the numerical and exact phase
velocity (also refractive index); normalized attenuation constant; normalized energy velocity; and normalized group velocity,
to validate the performance of the numerical methods (see [17]). The model parameters in (4.16) are used in computing all
the quantities and plots below.
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Fig. 8.1. The relative phase error in physical modes of the fully discrete DG schemes with leap-frog time discretization, using v/vh., = 0.7. First row:
W1 =m/30; second row: W1 = 7 /300.

We first define v, given as

I =
\lfzizve(w;p). (9.1)

We note that  is the complex index of refraction of the medium, whose real part is the real refractive index of the
medium, whereas the imaginary part is related to the absorption or extinction coefficient [36]. We use % and 3 to denote
the real and the imaginary parts of a complex number. Let the superscripts E and N denote the value of a quantity related
to the exact solution of system (2.5) and a numerical approximation, respectively. We have the following definitions (see

[17]):

o Normalized Phase Velocity: We consider the ratio between the real parts of the exact and numerical phase velocities,
with the phase velocity, vp, defined as v, = w/k =1/vy. We define

R(vy)
RE)

Normalized Phase Velocity = (9.2)

e Normalized Attenuation Constant: We consider the ratio between the imaginary parts of the exact and numerical ¥,
which is also the ratio between the imaginary parts of the exact and numerical indices of refraction. We define

3(v")
3(vF)
e Normalized Energy Velocity: The velocity of energy transport of a (monochromatic) plane-wave field is an important

concept of wave propagation in a dispersive medium. In [36] this velocity is defined as a ratio of the time-average value
of the Poynting vector to the total time-average electromagnetic energy density stored in both the field and the medium.

Normalized Attenuation Constant = (9.3)
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Fig. 8.2. The contour plot of relative phase error of fully discrete DG schemes for the physical modes with trapezoid rule. @ = 1. First row: DG-AL; second
row: DG-CE; third row: DG-UP.

The normalized energy velocity is a quantity that is defined (see [17,36]) as a function of the real and imaginary parts
of the quantity ¢ given as

-1

(1 (92) — &) (R () — ) + 3 (v2))?
(€5 — €c0) N (Y)

Based on the definition of the energy transport velocity, we define the ratio between the exact and numerical energy
transport velocity to be the normalized energy velocity as

Energy Velocity = | R(y) +

Energy Velocity N

Normalized Energy Velocity = ——————.
&y v Energy Velocity £

(9.4)

e Normalized Group Velocity: We define the normalized group velocity to be the real part of the ratio of group velocities
of the exact and numerical solutions. We have

N
v
Normalized Group Velocity = R —‘i , (9.5)
v
g
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d
where the group velocity is defined by vy = 8—7: Here, both vg and vg’ are obtained numerically by

_ 9k @ _ k(@ +0.001) — k(@) 00
T 00 dw 0.001 o

(vg) ™!

In Figs. 9.1 and 9.2, we plot the four physical quantities defined in (9.2)-(9.5) for the leap-frog and trapezoidal FD
schemes in various ranges of values for @: below resonance (@ < 1), near resonance (& ~ 1), at the upper edge of the
medium absorption band (@ & 1.527), and far above resonance (@ > 3). Fig. 9.1 offers excellent agreement with the plots in
[17] for the (2,2) Yee scheme (leap-frog FDTD scheme with M = 1) and a (2,4) leap-frog FDTD scheme (M = 2). Both schemes
have large errors at the resonance frequency and the upper edge of the medium absorption band @ = \/€s/€. Higher order
schemes have values for the physical quantities that are closer to 1, which indicates smaller dispersion error with increase
in the spatial order of the scheme. We note that, while the increase in spatial order reduces the four physical quantities
near resonance for both the leap-frog and trapezoidal FDTD methods, there is virtually no change with spatial order at the
upper edge of the medium absorption band. This is also true for the DG schemes. A comparison between Figs. 9.1 and 9.2
suggests that the main differences between the two temporal discretizations can be observed for frequencies below and far
beyond resonance. For @ < 1, the plots obtained by the trapezoidal FDTD schemes are monotone. This is not the case for
the leap-frog FDTD method as shown in Fig. 9.1. The results can be understood by comparing equations (4.8) with (4.14).
The leading error coefficients in the two time schemes are different, with one being monotone on @ and the other not. For
high frequencies, the leap-frog FDTD scheme can no longer resolve frequencies beyond 14.8, when the fields start to decay
exponentially and have an increasing phase velocity. This number changes to around 10 for the trapezoidal scheme, which
shows different resolution offered by the two temporal schemes.

In Fig. 9.3, we plot the four physical quantities defined in (9.2)-(9.5), obtained by DG-AL scheme using trapezoidal time
discretization with a fixed CFL number v = 0.7. This choice is made based on previous observations that the DG-AL performs
the best among all three fluxes. The overall behaviors of the physical quantities for FD and DG schemes are very similar
when comparing Fig. 9.2 with Fig. 9.3. The main difference lies in the last column for high frequencies. The increasing
resolution in the higher order DG scheme is evident, while increasing order does not impact this much for FD schemes.
Thus, high order DG schemes in space can have a better performance in resolving high frequencies when compared with
the FD scheme using the same mesh size. Similar conclusion holds with leap frog time discretization, and the plots are
omitted for brevity.

10. Conclusions

In this paper, we studied the exact and numerical dispersion relations of a one-dimensional Maxwell’s equations in a
linear dispersive material characterized by a single pole Lorentz model for electronic polarization with low loss (i.e. when
¥ is small). We consider two different high order spatial discretizations, the FD and DG methods, each coupled with two
different second order temporal discretizations, leap-frog and trapezoidal integrators, to construct both semi-discrete and
fully discrete schemes. In addition, for the DG schemes we have considered three different types of fluxes: central, upwind
and alternating fluxes. Comparisons based on dispersion analysis are made of the FD and DG methods and the leap-frog
and trapezoidal time discretizations.

It is well known that the FD and DG (which are a class of finite element methods) schemes, both being very popular
discretizations, differ quite a lot in how they simulate wave phenomenon in their discrete grids. For example, DG schemes
work well for multi-dimensional problems and can be constructed on unstructured meshes for complicated geometries.
The FD schemes are simpler to code, and are mostly defined on structured meshes. The extension of the FD methods to
non-uniform and unstructured meshes are cumbersome.

Both types of spatial discretizations can be designed with high spatial order accuracy. The FD scheme achieves this
by extending the stencil of the discretization, while higher order polynomials are needed for the DG construction. When
we express the dispersion relation for the discrete wavenumber as a function of the angular frequency w, the number
of spurious modes will increase with M (the accuracy order) of the FD scheme, while for DG schemes, the number of
spurious modes is independent of p (the polynomial order). However, as shown in the Appendix of the FD scheme, using
an alternative description of phase error, when the discrete angular frequency w is expressed as a function of the wave
number k the conclusions are reversed. Namely, there are no spurious modes for FD schemes, while more spurious modes
will be present for higher order DG schemes, see [10] for relevant discussions in free space.

When comparing the order of numerical errors, the FD schemes manifest the same order of accuracy of the dispersion
error and point-wise convergence error, while the DG schemes have higher order of accuracy in dispersion error than in
the L2 errors [13,14] (superconvergence in dispersion error). The CFL numbers for the two methods when coupled with an
explicit time stepping are also different. It is known that the CFL number will approach a constant other than zero when
M — oo for the FD scheme, but the CFL number will go to zero when p — oo for the DG scheme. Therefore, high order DG
schemes require much smaller time steps than high order FD schemes.

Based on the numerical dispersion results in this paper, we observe that the physical dispersion of the material plays
an important role in the numerical dispersion errors. For the low-loss materials considered, we can observe that the error
is largest near the resonance frequency. This is no longer true for materials with high loss (i.e. when ¥ is not small).
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Fig.9.1. Results for the leap-frog time discretization and FD2M with CFL number v/v2¥ =0.7. First row: normalized phase velocity; Second row: normalized
attenuation constants; Third row: normalized energy velocity; Fourth row: normalized group velocity.
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Fig. 9.3. Results for the trapezoidal time discretization and DG-AL with CFL number v = 0.7. First row: normalized phase velocity; Second row: normalized
attenuation constants; Third row: normalized energy velocity; Fourth row: normalized group velocity.
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An interesting finding is that for some materials and discretization parameters, we observe counterintuitive results that the
dispersion error of a low order scheme can be potentially smaller than that of high order schemes (see for example Fig. 6.1).
This demonstrates that the dispersion analysis conducted for free space may not be revealing for general dispersive media.

We find that the second order accuracy of the temporal discretizations limits the accuracy of the numerical dispersion
errors, and is a good motivator for considering high order temporal discretizations, which are non-trivial to construct for
the case of dispersive Maxwell models [48]. This limiting behavior in the medium absorption band is made clear by the
difference in errors in the semi-discrete schemes versus the fully discrete schemes. In our future work we will investigate
higher order temporal discretizations.

Appendix A. An alternative dispersion analysis for semi-discrete finite difference schemes

In this appendix, we provide an alternative method of analyzing the dispersion error of the semi-discrete in space high
order FD schemes (FD2M). We express the discrete angular frequency w as a function of the continuous wavenumber k € R,
and measure the relative errors that result for different M, M € N, with 2M being the spatial accuracy of the schemes.

We introduce the following definitions

~ [@p 3P 5, i (k
k := kh, FZM(k)_ZZ 2= sin?? 2k (A1)

For the exact dispersion relatlon of Maxwell’s equations in a one spatial dimensional Lorentz dielectric, by solving det(A) =
0 with A given by (3.3), we get the following quartic equation for the continuous angular frequency @ = w®™ /w1,

ey ~2 ~2

1 k 21 k 1 k
O 2 o3 — ~exy2 o4+ — ——  _—0. A2
@+ 209 @~ (€S+(w]h)2>(w) Y om? T e iy o

Similarly, considering the dispersion relation of semi-discrete FD2M scheme (5.10), we have

~ ~ 1 F (k)2 ~ 21 FzM(k) ~ 1 FzM(k)2
FD,2M\4 FD,2M\3 2M FD,2M\3 FD,2M

2i J’ = | (o™ — w — =0 A3
@ ) iy @ - ( (1 h)2 ( ) (a)1h)2 €co (w1 h)2 ( )

Clearly, both (A.2) and (A.3) have four (complex) roots each. Therefore, the FD scheme has no spurious modes for the dis-
crete angular frequency. To better understand the errors, similar to previous sections, we first consider the lossless material
(¥ =0) as an example. In this case, only even order terms appear in (A.2) and (A.3), and we can get

o0

_ —-1/2
~2 ~2 2 ~
~ 1 € k € k 4k
ok =t—| 4+ — s — | [ =+ — , (A4a)
1.2 V2| €x  Ex(@il? || \€x  €x(@1h)? €co(w1h)?
: 2 2 2 2 : 12
~ 1 € k € k 4k
o) =t—| =+ — 4+ [[=+ - , A.4b
2O=F 7 e T ey (eoo eoo(w1h)2> €oo(@1h)? (A40)

and @1%2M () = %%, (Fam (k)), @557 (k) = D5 (Fam (k).
In Fig. A.1, we present the relative dispersion errors with ke [0,27] and the parameter values
T
€s=5.25, €5 =2.25 wh= 30°

In this figure, we can observe the decrease of error when M (order of the scheme) increases. The numerical error in the
first and second solutions of the discrete angular frequency, are smaller than that of the third and fourth solution, which
can be understood if we consider the small wavenumber limit. In this case, we can derive expressions for the relative phase
error as

[CM — ]2 ~am ~2M+2 .
_ L My O =12,
I (2 Gty S 1 I I U] ok l (A5)
m,2m (k) := o IM — 1)N172 k2 '
® L VA G ML 0@ =34,

22MQM +1)! €2 o?

which indicates a dispersion error of order 2M and is consistent to our previous conclusion (see Theorem 5.1). By comparing
the coefficients, we verify that, for the parameters we consider, the leading error coefficient corresponding to @§D42 (k) is

indeed much larger than that for QEDZZM(k)

For low-loss material, e.g. ¥ = 0.01, the conclusions are very similar. The error plots show no visible difference from the
no loss case, and are thus omitted.
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Fig. A.1. Relative phase error (A.5) for the spatial discretization FD2M with y=0. ke [0, 27]. Left: i =1, 2; The inset in the left plot displays a zoomed-in
region of the relative phase error for low values of k; Right: i =3, 4.
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